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Abstract. We propose a new framework for multi-criteria optimization in con-
straint-based temporal reasoning. Motivated by a real-world domain, we augment
one of the most expressive current formalisms, the Disjunctive Temporal Problem
with Preferences (DTPP), in two crucial ways. First, we model optimality criteria
as being attributed to subsets of soft constraints, in contrast to the direct map-
ping to individual constraints common in previous formulations. Second, using
Multi-Attribute Utility Theory (MAUT) we construct an objective function that
considers not only the individual values of these separate criteria, but also their
mutual interactions. The increased expressive power of the Multi-Criteria DTPP
(MC-DTPP) allows us to model a broad range of complex preferential optimiza-
tion problems that existing Temporal Constraint Satisfaction Problems cannot
(for instance, capturing the whole Pareto frontier). We propose two algorithms for
finding optimal solutions to an MC-DTPP, and demonstrate the computational ef-
ficiency of reasoning with MC-DTPPs on a suite of randomized benchmarks and
a new collection of real-world scheduling instances.

1 Introduction

Recent studies in constraint-based quantitative temporal reasoning have addressed pref-
erential optimization [11, 18, 17]. In this line of research, traditional simple temporal
(STP) constraints [3] are augmented with local preference functions that express how
well an assignment satisfies the corresponding constraint. For instance, these functions
might convey that a certain activity should be as long as possible, or that it is desirable
for two activities to be scheduled in close proximity. Early research focused on Weak-
est Link Optimality [12, 19], where the minimum preference value is maximized, while
later work has begun to address the more challenging utilitarian optimization [18, 17],
where the sum of the individual preference values is maximized.

The work presented here is motivated by temporal reasoning problems arising in
calendar management, where constraint-based preferential optimization has gained re-
cent attention [16, 1]. Management of one’s time is intensely personal by nature; the
decision over which scheduling option is “best” is strongly dependent on each indi-
vidual’s personal preferences [1]. Moreover, many criteria factor into this decision and
interact in complex ways. Combined, these modelling requirements surpass the expres-
sive power of existing temporal constraint satisfaction problem (CSP) formalisms.

In this paper we explore multi-criteria optimization in constraint-based temporal
reasoning. Our goal is to obtain a formalism expressive enough to capture problems in
? Authors listed in alphabetical order.



domains such as the above, and to develop algorithms capable of solving such problems.
We begin with one of the most expressive current formalisms, the Disjunctive Temporal
Problem with Preferences (DTPP), which features disjunctive constraints with prefer-
ences over them [19]. We augment the DTPP to overcome two limitations that make it
currently unable to capture our motivating problems. First, we model criteria as being
attributed to subsets of soft constraints, in contrast to the direct mapping to individual
constraints. Second, using Multi-Attribute Utility Theory (MAUT) we construct an ob-
jective function that considers not only the individual values of these separate criteria,
but also their mutual interactions.

With the focus of this paper on the representational and modelling aspects, we
nonetheless propose two preliminary algorithms for achieving optimization over this
new Multi-Criteria DTPP structure. One is a variation on a state-of-the-art branch-and-
bound DTPP solver, while the other adopts a recently-proposed Multi-Criteria Search
(MCS) framework. We demonstrate the efficiency of our approach on a suite of ran-
domized benchmarks, as well as a new collection of real-world scheduling problems.

2 Related Work

There is a sizeable body of literature on the theory and practice of multi-criteria de-
cision making (MCDM) [10, 4]. The three aspects of finding optimal solutions to a
multi-criteria constraint optimization problem are: (1) modelling the problem (includ-
ing elicitation of the user’s preferences), (2) deciding on the combination or trade-off
of the decision criteria (and thus the nature of the solutions the user wants to seek), and
(3) providing an algorithm to derive the optimal solutions of the chosen type.

The two broad approaches are multi-attribute utility theory (MAUT), which focuses
on constructing a global utility function (the aggregation function), and multi-objective
combinatorial optimization (MOCO), which is concerned with optimizing multiple ob-
jectives. In the MAUT approach, which we will adopt for the MC-DTPP, the three
above parts are divided between what are known as the disaggregation and aggrega-
tion/optimization phases [10].

Given the size of the literature, we focus on quantitative approaches in constraint
programming (CP), except to note the graphical model of CP-nets [2]. Researchers in
CP have, by and large, focused either on the disaggregation phase (i.e., the modelling
aspect), or on the aggregation/optimization phase (i.e., the algorithmic aspect) suppos-
ing that an aggregation function is available or the type of solution is decided. The
modelling aspect is a recognizably important and difficult part of tackling real-world
problems, especially where the problem definition or objective features uncertainty; [7]
and [14] present case studies.

From MAUT, a common aggregation function is to combine the criteria into a single
objective function as a weighted sum. The utilitarian objective for a DTPP can be seen in
these lines. The solving aspect can then be addressed by variants of branch-and-bound
search with dominance testing [5]. Two drawbacks to a weighted sum are its limited
expressiveness, for instance regarding dependency between criteria, and the pragmatic
difficulty of setting the weights (and handling the sensitivity of the problem to their
values). One main alternative to a weighted sum aggregation of the criteria is to seek



the frontier of non-dominated solutions. An efficient CP method to compute this Pareto
frontier is given by [6].

Preference-Based Search (PBS) [9] is a dedicated algorithm for a formalism in the
MOCO line that can express preferences between as well as over criteria. PBS can
find balanced and extreme solutions, in addition to Pareto-optimal solutions. Like PBS
but in the MAUT line, Multi-Criteria Search (MCS) [8] is based on a succession of
mono-criteria searches. MCS is dedicated to an expressive formalism of MAUT that
encompasses sophisticated aggregation functions beyond a weighted sum, such as the
Choquet integral [13].

3 Background

A Disjunctive Temporal Problem (DTP) [21] is defined by a pair 〈X,C〉, where each
element Xi ∈ X designates a time point, and each element Ci ∈ C is a constraint of
the form ci1 ∨ ci2 ∨ ... ∨ cini

. In turn, each cij is of the form aij ≤ xij − yij ≤ bij

with xij , yij ∈ X and aij , bij ∈ <. DTPs thus generalize Simple Temporal Problems
(STPs) [3], in which each constraint is limited to a single disjunct.

One type of solution to a DTP is the object-level solution, defined as a numeric as-
signment to each of the time points in X , such that all the constraints in C are satisfied.
A second type of solution is a meta-CSP solution. Here, instead of directly considering
assignments to the time points in X , a meta-variable is created for each constraint in the
DTP, whose domain is simply the set {ci1, ci2, . . . , cini

} of disjuncts one can choose
to satisfy Ci. A complete assignment in the meta-CSP thus involves a selection of a
single disjunct for each constraint, commonly referred to as a component STP, which
represents a set of object-level solutions.

A DTP with Preferences (DTPP) [19] extends a DTP by replacing the hard interval
of each disjunct cij with a preference function 〈fij : < → A〉 that maps every tem-
poral difference to a preference value from a set A, expressing its relative utility [11].
Following DTPP convention, we take A = <.3

Given an assignment S to the DTPP D, the preference value of a disjunctive con-
straint Ci ∈ C is defined to be the maximum value achieved by any of its disjuncts:

valD(S,Ci) = max
cij∈D(Ci)

fij(S(xij) − S(yij)) (1)

With the inclusion of preferences, we are no longer concerned with simply finding
a feasible assignment; we also want a solution of high quality. This requires us to spec-
ify an objective function with respect to each of the individual preference functions.
Previous work has focused on objectives corresponding to three notions of optimality.

One of the earliest objectives to be considered is maximin or Weakest Link Opti-
mality (WLO) [11, 12], in which the global value of an assignment S is equal to the
minimal preference value satisfied by the assignment:

valD(S) = min
i

(valD(S,Ci)) (2)
3 Our definition refines the original DTPP specified in [19], which defined preference functions

only over feasible regions of disjuncts. By convention, when A = <, 0 is the minimum pref-
erence value that can be obtained by an assignment that satisfies the constraint.



Fig. 1. Tuesday afternoon schedule

WLO corresponds to optimality with the fuzzy semiring [11]. When using WLO,
solutions are compared myopically using only the “weakest link” in each solution; no
credit is given for satisfying other constraints at very high levels. Despite this drawback,
WLO is appropriate in many situations, and optimally solving DTPPs using WLO is
only slightly more expensive than solving DTPs [19].

The second type of objective that has been explored is utilitarian optimality, in
which the global value of an assignment S is equal to the sum of the preference values
of the individual constraints [18]:

valD(S) =
∑

i

valD(S,Ci) (3)

Only recently have approaches been developed for performing utilitarian optimiza-
tion of a DTPP; all, including the leading solver [17], can handle problems containing
complex piecewise-constant preference functions.

The third type of objective is stratified egalitarian (SE) optimality. SE-optimal so-
lutions are the set of WLO-optimal solutions that are not Pareto-dominated — a subset
of the Pareto frontier. In the case of Simple Temporal Problems with Preferences, this
set can be obtained be repeated use of a WLO solver. SE optimality, however, has not
been explored for DTPPs.

4 Multi-Criteria Disjunctive Temporal Problems with Preferences

In a sense, the extensions of preferences to temporal CSPs described above can model
situations that contain multiple criteria, in which each constraint is a single criterion
to optimize, and where the objective function defines a simple, fixed way to combine
these criteria. Regardless of which objective function one thus chooses for the DTPP,
there is an underlying assumption that criteria and the constraints go hand-in-hand. The
following example motivates us to seek a more expressive formalism.

4.1 A Motivating Example

On Tuesday morning, Alice realizes she needs to schedule a 90-minute project meet-
ing with her colleagues Bob and Chris. The meeting needs to happen soon, but Alice
needs time to prepare, so she tasks her automated scheduling tool to arrange a meeting
sometime on Tuesday afternoon.



Fig. 2. Example of a soft overlap constraint for a new meeting (M ) and an existing meeting (E)

Bob’s schedule is formulated around his young children. He gets to the office early
but leaves at 16:00 to collect them from childcare. He makes up the time by not taking
lunch. Chris, like Alice, has a more typical workday that includes lunch from 12:00 to
13:00. Alice has an existing commitment from 14:00 to 15:00, but it is of lower priority.

The schedules of the three people for the afternoon are shown in Fig. 1. The heav-
ily shaded times are outside working hours, the lightly shaded times represent lunch
preferences, and the ruled times represent existing commitments.

If we represent the start- and end- points of meetings and activities as temporal
variables, the scheduling problem arising from this meeting request can be cast as a
DTP. However, it can be seen by inspection that Alice’s request cannot be fulfilled:
the problem is over-constrained. A solution can be found by relaxing the constraints in
various ways, such as: (a) shorten desired duration; (b) relax non-work hours (e.g., Bob
leaves later in the day); (c) overlap with the existing event; (d) move the existing event;
(e) shorten or cancel the existing event; or (f) change requested meeting day.

To encode these various relaxations, one can widen the feasible region of the orig-
inal temporal constraints and define preferences over the larger intervals (resulting in
DTPP constraints). For example, we can express that the new meeting (M ) cannot over-
lap Alice’s existing meeting (E) by the following hard DTP constraint:

MS − EE ≥ 0 ∨ ES − ME ≥ 0, (4)

which can be relaxed to the constraint and preference functions shown in Fig. 2; these
functions express that no overlap is preferred, and that small overlaps are preferred to
large ones.

Although the problem can be cast as a DTPP in this way, the choice of which (pos-
sibly relaxed) candidate solution is best varies with the individual. In evaluating the
candidates, emphasis may vary between the importance and the satisfaction of criteria
such as: (1) personal meeting time preferences; (2) duration; (3) participants; (4) meet-
ing location; (5) degree of overlap with existing calendar events; and (6) the meeting
time preferences of others. Besides showing that the choice of an optimal solution is a
personal one, the example demonstrates that multiple criteria influence this decision.

A common attempt to capture the desired trade-offs between criteria is with a
weighted sum objective function (i.e., utilitarianism). However, it is well-known that
a weighted sum can express only limited forms of dependencies between criteria [9,
13]. For instance, a weighted sum can express that criteria are equally important, but it



cannot express that criteria should be balanced. In our example, consider three criteria,
C1, C2, and C3 (one for the time preferences of each person), and two candidate time
slots 12:30–14:00 and 15:00–16:30. The first time slot violates the lunch-time plans of
both Alice and Chris; the second slot is a stronger violation of Bob’s need to pick up his
children. The choice is therefore between a time very undesirable for one person and
a time slightly undesirable for two. The latter will likely be preferred if Alice desires
balance between the criteria.4

More concretely, consider mapping these qualitative preferences onto a [0, 1] scale
for each criterion, where 1 indicates full satisfaction. Suppose that meeting during
lunchtime reduces satisfaction to 0.6, and that meeting during non-work hours reduces
satisfaction to 0.3. The 12:30 slot violates the lunch preference for both Alice and Chris
(C1 = 0.6, C2 = 1.0, and C3 = 0.6) and achieves a weighted sum of 2.2 (assuming all
weights are 1). The 15:00 slot violates Bob’s non-work hours (C1 = 1.0, C2 = 0.3, and
C3 = 1.0) and achieves the greater sum of 2.3. Thus, the time significantly inconvenient
for Bob (the unbalanced solution) is chosen. For this trivial example, it is easy to choose
satisfaction levels in a way that coerces the weighted sum into choosing the balanced
solution. This method fails, however, when complexity increases; for example, a second
inter-criterion preference may require levels inconsistent with the first.

In contrast to utilitarian optimality, maximin optimality can somewhat capture the
notion of balanced solutions, but its myopic nature causes it to ignore all constraints
except the weakest one. Although less myopic than maximin, SE optimality is limited
to a subset of the Pareto frontier, and in any case has not been applied to DTPPs.

Situations similar to our example require a mixture of objectives, demanding both
the sensitivity of utilitarianism and the worst-case safeguards of maximin. This drives
us to seek a more expressive extension of the DTPP formulation to capture multiple
criteria and their interactions.

4.2 The Multi-Criteria DTPP

We define a new temporal constraint optimization formalism, in which the aforemen-
tioned limitations of the DTPP are resolved by incorporating higher-level criteria. This
is achieved by a representation that explicitly models criteria as subsets of soft con-
straints, and employs an aggregation function in the MAUT (multi-utility decision the-
ory) fashion to combine and trade off the criteria.

Definition 1. A Multi-Criteria DTPP (MC-DTPP) is defined by 〈X,C,S, A〉, where X

and C are as in a DTPP, S is a set of m criteria {C1, C2, . . . , Cm} where each element
Ci is a subset of C, and A is a triangular matrix of coefficients in the range [−1, 1].

The intuition behind this augmented formalism is that each criterion Ci captures a
particular feature of the problem. For instance, Ci might correspond to all the constraints
involved in a single user i’s schedule, or to the set of all constraints over the durations

4 The spread constraint is another way of expressing balance between features of a solution [20].
The balance sought is not between criteria as we have defined them, but numerically between
the mean and skew of a set of assigned values.



of activities. In effect, any feature of the constraint problem that involves a coalition of
constraints can be regarded as a separate criterion.5

For an object-level assignment S to an MC-DTPP D, we define the utility ui of a
criterion Ci as the proportion of the combined preference achieved by the constraints in
its scope:

ui =

∑
Cj∈Ci

valD(S,Cj)∑
Cj∈Ci

maxD(Cj)
(5)

Hence, ui is a fuzzy measure [15] taking the range [0, 1]. If all constraints are satis-
fied at their lowest preference levels, this results in a utility of 0; conversely, a utility of
1 indicates that all constraints are maximally satisfied.

The global value of an MC-DTPP D for a given assignment S is (as expected) an
aggregation of the values of the individual criteria. More specifically, we define it as a
function parameterized by the coefficients aij in A:

valD(S) =
∑

i

aiiui +

m∑

i=1

m∑

j=i+1

aijmin(ui, uj) (6)

Since the criteria values are normalized to [0, 1], this aggregation (6) of values from
the object-level solution S to global value valD(S) corresponds to a form known in
MAUT as the two-additive Choquet integral [13].6

The coefficients in A form a triangular matrix. A diagonal coefficient aii expresses
the relative importance of the value of criterion Ci in relation to the values of the other
criteria. The non-diagonal coefficients aij express the interaction (positive or negative
correlation) of the values of criteria i and j.

The importance coefficients aii take values in [0, 1]. A value of 0 indicates that
criterion Ci contributes nothing toward the global value (i.e., feature i taken by itself
has no significance in the overall preference aggregation), while a value of 1 indicates
that Ci contributes with relatively maximal importance.

The correlation coefficients aij take values in [−1, 1]. The import of their magnitude
|aij | is similar to that of the importance coefficients: |aij | = 0 indicates no correlation
between Ci and Cj (features i and j are independent in the overall preference aggrega-
tion), while |aij | = 1 indicates relatively maximal correlation (features i and j have
maximal influence on one another). The sign of the correlation coefficient indicates
complementary (if aij > 0) or substitutive (if aij < 0) behaviour. That is, if aij > 0,
a solution S must be “good” on both criteria to be considered good (i.e., more highly
preferred) overall. In contrast, if aij < 0, it suffices for only one of the criteria to be
highly preferred for S to be considered “good” — in this case, the negative correlation
term serves to cancel the contribution of the criterion whose preference level is weakest.

5 The MC-DTPP can be defined in a more general form, where the level participation of a
constraint in a criterion is specified as a numeric weight. For the purpose of simplicity, we
focus on the case of binary membership.

6 We refer to [15] for details on the derivation. Note that, since we define ui in terms of the
satisfaction of the constraints in the scope of criterion Ci, we automatically have an ordering
on ui; that is, higher values correspond to more preferred solutions.



The aggregation of the multiple criteria defined by (6) employs a subset of the full
Choquet integral formalism [13]. The two-additive Choquet integral we adopt has been
found to provide a practical compromise between versatility and representational com-
pactness [14]. In fact, there exists a theory and practical methods for eliciting the coef-
ficients A, from the preferences of a user, and for explaining the significance of optimal
decisions according to (6). For details of these methods, which lie outside the scope of
this paper, we refer to [14, 15].

The MC-DTPP can express any of the DTPP objective functions that have been
considered in prior work. For example, utilitarian optimality (3) is modelled by aii =
1 ∀i and aij = 0 ∀i, j. A local approximation of maximin optimality (2) is modeled
by the two-additive Choquet integral when aii = 0 ∀i and aij = 1 ∀i, j. Stratified
egalitarian optimality is then captured by the subset of these maximin solutions that
intersect the Pareto frontier [14]. Finally, exact maximin optimality is achieved using
the full Choquet integral.7

Extending the MC-DTPP to the full Choquet integral representation poses no con-
ceptual problem: we replace the global evaluation function (6) with the m-additive in-
tegral, and extend the coefficients A of an MC-DTPP to include one coefficient for each
subset of the set of m criteria.

The theory of Choquet integrals allows us to assert a partial order over solutions.
Namely, S ¹ T if and only if valD(S) ≤ valD(T ) [13, 8], providing a well-founded
evaluation function of the preference aggregation of solutions to an MC-DTPP. In the
sequel, we develop algorithms to obtain feasible and globally-preferred solutions.

Looking back to our scheduling example, we can view the constraints needed to
represent the problem as belonging to one or more of the criteria. For example, all
temporal constraints related to Bob’s meeting time preferences are mapped to C2. The
preference values for these constraints are aggregated and normalized onto a [0, 1] scale
by (5), producing the u2 value in the Choquet function. In this simple example, we
have only one constraint for each of our criteria. In a real-world scheduling application,
however, we have many constraints mapping to some criteria [1].

The quantitative example of Section 4.1 assumed that a11 = a22 = a33 = 1, pro-
ducing weighted sums of 2.2 and 2.3 for the 12:30 and 15:00 time slots, respectively.
Within the Choquet objective function (6), the preference for balance is modelled by
the aij coefficients. When all are set to 1, it indicates that each pair of criteria are com-
plementary, and contributes to the aijmin(ui, uj) terms. For the 15:00 slot, the terms
in the Choquet function are a11u1 = 1.0, a22u2 = 0.3, a33u3 = 1.0, a12min(u1, u2) =
0.3, a13min(u1, u3) = 1.0, and a23min(u2, u3) = 0.3, which sum to 3.9. For the
12:30 slot, all three interaction terms evaluate to 0.6, producing a Choquet value of 4.0.
Thus, the interaction terms are critical in identifying the optimal solution.

5 Algorithms for Solving MC-DTPPs

The expressive power of the MC-DTPP is of no value unless we can compute relevant
solutions. We present two preliminary algorithms for performing optimization of the

7 In fact, due to the form of the maximin solution definition, only the order-m terms are needed.



MC-DTPP, which rely on the notion of preference projections [11]. A DTPP preference
projection essentially “slices” a DTPP constraint into a set of intervals that produce a
preference value greater than or equal to some specified level l.

Definition 2. Given a DTPP constraint Ci = ci1 ∨ ci2 ∨ · · · ∨ cin, the preference pro-
jection at level l for Ci is Pi[l] =

⋃n

j=1 Pij [l], where P ij [l] = {cij1, cij2, . . . , cijn}
with cijk = 〈aijk ≤ xij − yij ≤ bijk〉, bijk < aij(k+1) for 0 ≤ k < n and⋃n

k=1[aijk, bijk] = {t|fij(t) ≥ l}.

We use the preference projection to convert an MC-DTPP into a Projected MC-
DTPP. The concept is to create multiple (weighted) DTP constraints for each individual
DTPP constraint: one for each distinct preference level.8 Let D′ be an MC-DTPP with
constraints C ′

1, . . . , C
′
n. Create Projected MC-DTPP D by, for each constraint C ′

i:

– Create a constraint C<i,0> =
∨
Pi[0] in D, and assign it a weight wi,0 = ∞. Set l

to zero.
– Find the smallest l′ > l such that P i[l

′] 6= Pi[l].
– Create a constraint C<i,l′> =

∨
Pi[l

′] in D, and assign it a weight wi,l′ = (l′ − l).
Set l to l′.

– Iterate until a level l′ is reached such that P i[l
′] = ®.

The transition to a Projected MC-DTPP allows us to exploit the meta-CSP search
space commonly used in disjunctive temporal reasoning. Specifically, we can create a
meta-variable for each projected constraint C<i,l>, whose domain is the associated set
of disjuncts or intervals. Any assignment to this variable can be viewed as satisfying the
original constraint C ′

i at preference level l (whereas the absence of an assignment can
be regarded as its explicit violation).

5.1 A Branch-and-Bound Method

Using this Projected MC-DTPP reformulation, we first describe a branch-and-bound
algorithm for computing optimal solutions; pseudocode is given in Fig. 3. The input
variable A is the current set of assignments to meta-variables, and is initially ®; variable
U is the set of unassigned meta-variables (initially, the entire set C); a global variable
s* stores the best solution that has been found, and is initially nil.

The algorithm, which takes an approach similar to that in [17], resembles the back-
tracking search commonly used for solving traditional DTPs, but with two notable
differences. First, backtracking occurs only when the value of the partial assignment
val(A) is worse than that of the best known solution; in a standard DTP solver, all
constraints must be satisfied, and thus backtracking occurs whenever any constraint is
violated in the partial assignment. Second, in addition to the values in the original do-
mains of the meta-variables, there is the possibility of an empty assignment (‘ε’), and
so the branching factor increases by exactly one.

Due to its strong resemblance to a standard DTP search, this branch-and-bound
algorithm for solving MC-DTPPs allows the direct incorporation of several powerful

8 As in prior DTPP literature [19, 17], we assume that the preference functions have been dis-
cretized into piecewise-constant form.



Solve-MC-DTPP(A, U )
If (s* 6= nil & val(A) ≤ val(s*)) then return
If (U = ®) then s*← A ; return
Ci ← select-variable(U ), U ′ ← U − {Ci}
For each disjunct cij of D(Ci)

A′ ← A ∪ {Ci ← cij}
If (consistent(A′)) then Solve-MC-DTPP(A′, U ′)

EndFor
A′ ← A ∪ {Ci ← ε}
Solve-MC-DTPP(A′, U ′)

Fig. 3. A branch-and-bound algorithm for solving MC-DTPPs

MCS
u← (u1, . . . , um)
s*← nil, s← nil, c← 0, local← false
While (not checkTermination(local, s*, s, u))

If (c = 0) then c← getFirstCriterion(u)
Else c← getNextCriterion(s*, u)
local← setLocalConstraint(s*, u, c)
s← maximize(uc, getStrategy(c))
removalLocalConstraint(local)
If (s 6= nil) then s*← s

EndWhile
return s*

Fig. 4. The MCS algorithm for solving multi-criteria optimization problems

techniques previously developed in the DTP literature. As mentioned earlier, a recent
variation on this algorithm for solving DTPPs [17] has proven extremely effective.

5.2 An Multi-Criteria Search Method

The success of the branch-and-bound algorithm for DTPPs makes it an attractive can-
didate for MC-DTPP optimization; however, the presence of multiple criteria presents
unique challenges and opportunities that do not arise when solving the DTPP. While
it may be relatively straightforward to define a search strategy (i.e., variable and value
ordering heuristics) for an aggregation of preferences within a single criterion, such a
strategy may not necessarily be appropriate when there exist several criteria competing
to contribute to the global objective function.

In response, we turn to the Multi-Criteria Search (MCS) framework [8] introduced
in Section 2. Rather than employing a single branch-and-bound search to maximize
the global objective function, MCS executes a series of mono-criterion searches, each
fine-tuned to maximize the utility of a single feature of the problem. For each mono-
criterion search, a set of local constraints is imposed temporarily to guide the search



toward promising solutions. These constraints often require strict improvement on the
selected criterion, as compared to its value in the best known solution.

A full description of the MCS algorithm lies outside the scope of this paper; how-
ever, we provide a high-level overview, shown as pseudocode in Fig. 4, and refer the
reader to [8] for a complete description.

Until the termination condition has been reached, the procedure repeatedly chooses
and optimizes an individual criterion. The process relies on several functions, which we
briefly describe:

– checkTermination(): returns true if the best known solution s* is provably optimal,
and returns false otherwise. It also serves to impose upper bounds on the global
solution value, based on the result of the previous search.

– getFirstCriterion(): determines the criterion to maximize for the first attempt at
mono-criterion optimization.

– getNextCriterion(): determines the next criterion to maximize. Typically, it will
select a criterion that appears to exhibit the greatest potential for improving the
overall objective function.

– setLocalConstraint(): imposes a “cut” on the search space visited by the mono-
criterion search. This cut ensures that the value strictly improves from the previous
solution found; that is, if getValue(s*, c) is the value of uc in s*, then the constraint
uc ≥ getValue(s*, c) will be imposed.

– maximize(): launches the mono-criterion search. The algorithm used to perform
this search should resemble the Solve-MC-DTPP() procedure in Fig. 3, thus ex-
ploiting all of its efficient pruning techniques. The only modification is that the
value of the single criterion uc, rather than that of the global objective function, is
used to guide the search.

– getStrategy(): describes the variable and value ordering heuristics used for a par-
ticular criterion c.

– removeLocalConstraint(): retracts the constraint imposed by setLocalConstraint().

One of the key advantages of the MCS approach is its ability to exploit certain
properties of multi-criteria decision making to ensure that the final solution s∗ is opti-
mal with respect to the global objective function. In fact, this guarantee can be made
even if the individual searches are not complete, and instead explore only a portion
of the search space. This, in combination with the pruning power of individual search
strategies, makes MCS an extremely flexible framework for multi-criteria optimization.

6 Preliminary Experimental Results

We conducted three experiments to evaluate our proposed algorithms for MC-DTPP
optimization. Our goal is twofold: (1) to determine if reasoning with MC-DTPPs is
practical; and, in particular, whether the complex preference aggregation scheme of
the two-additive Choquet integral incurs larger computational penalties than utilitar-
ian optimization; and (2) to determine whether application of the MCS framework is
competitive in performance with our extension of the branch-and-bound algorithm that
has proven effective on DTPPs. However, it should be made clear that these tests are



far from exhaustive, due to the wide range of possible heuristics, test parameters, and
algorithm variations.

We employ four different algorithms in our experiments. Three of these are varia-
tions on a solver we name MULTILITIS, specifying which search strategy to use:

1. MULTILITIS-BB (the branch-and-bound version);
2. MULTILITIS-MC (an MCS version that performs complete mono-criterion searches);
3. MULTILITIS-MP (an MCS version that performs partial mono-criterion searches)9.

All are descendants of the state-of-the-art DTPP solver WEIGHTWATCHER [17], which
is the fourth constraint engine we include. To empirically compare our algorithms to
WEIGHTWATCHER is not entirely fair, since it performs utilitarian optimization, ignor-
ing the multiple high-level criteria of the MC-DTPP and thus establishing an entirely
different ranking of solutions. Even so, this comparison will provide insight into the
additional computational expense (if any) of multi-criteria optimization over utilitarian
optimization.10 All experiments were run on a 2.26GHz Pentium 4 with 1GB of RAM.

There remains an unfortunate absence of real-world benchmarks in temporal prefer-
ence literature with which to provide an empirical comparison of solvers. Consequently,
we begin by employing a problem generator that has been used in recent DTPP stud-
ies [17]. The DTPPs produced by this generator are characterized by the parameters
〈E,C, k, L〉, where E is the number events (or time points), C is the number of con-
straints, k is the number of disjuncts per constraint, and L is the number of preference
levels. We augment this generator with two additional parameters, 〈m, p〉: m is the
number of criteria, and p is the probability that any constraint Ci will appear in the
scope of a particular criterion Ci.

In our first experiment, we test the ability of these algorithms to scale with problem
size. The ability to perform well on this set of tests is especially important, since unlike
other problem parameters (such as the number of preference levels), the size of the
problem is often difficult for a knowledge engineer to control directly. We hold fixed
the following parameters: {L = 6, k = 2,m = 6, p = 0.25}, and vary the number
of constraints C from 12 to 40, keeping the number of events E at 3

4C to maintain a
constant constraint density. The problems at the larger end of this spectrum are quite
difficult, since the number of purely disjunctive constraints leads to a deep search tree.

Fig. 5 displays the results of this experiment. The number of constraints in the
problem is shown on the x-axis, and on the y-axis is the median running time over
30 instances (note the logarithmic scale). As expected, the computation time required
by all algorithms grows with the number of constraints. As can be seen by comparing
MULTILITIS-BB and WEIGHTWATCHER, the branch-and-bound approach used for multi-
criteria optimization does not appear to be noticeably more expensive than when it is
used for the simpler case of utilitarian optimization. Further, the application of MCS
using complete mono-criterion searches is effective, as MULTILITIS-MC outperforms all
other algorithms. However, the runtime of MULTILITIS-MP indicates that much of this

9 In our implementation, each partial search returns once a single improved solution is discov-
ered. However, as noted earlier, optimality and thus solution quality is unaffected.

10 The choice to compare with utilitarian optimization (as opposed to maximin) is due to its
strong resemblance to the manner in which our criteria are evaluated individually.
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scheduling MC-DTPPs

improvement is lost when MCS is applied with only partial mono-criterion searches.
Similar results are observed in our second experiment, where the number of preference
levels is varied (see Fig. 6).

In our final experiment, we sought to explore the characteristics of these solvers on
more realistic types of problems, since randomly generated test cases typically offer lit-
tle insight into the practical performance of an algorithm. As there appears to be no such
set of realistic benchmarks in the literature, we have developed an entirely new suite of
test cases drawn from our motivating domain of meeting scheduling [16, 1]. Each of
these 40 benchmarks corresponds to a complex scheduling request involving many of
the issues reflected in our earlier example (e.g., non-overlap constraints, flexible dura-
tions, several participants, and competing criteria). The number of constraints in these
problems (including simple temporal constraints) varies between 480 and 790, with the
average sitting close to 600. Thus, our algorithms (and other DTPP algorithms) scale
to larger problems than suggested by Figs. 5–7; the presence of many simple temporal
constraints (common in real-world problems) contributes a negligible to performance,
compared to the number of purely disjunctive constraints.



Fig. 7 displays the results on these real-world benchmarks. Since we are not varying
problems across any particular test parameter, we show the cumulative time required to
solve the 40 instances when sorted in order of increasing difficulty (rather than report-
ing the median). The branch-and-bound and complete MCS incarnations of MULTILITIS

both appear rather competitive on the new set of problems. Further, the utilitarian opti-
mization that WEIGHTWATCHER performs more efficiently than any of the multi-criteria
approaches (though, for most problems, by only a narrow margin). This is something
that was not observed in the randomly generated problems.

In summary, our preliminary experiments address our goals by showing that (1) the
time required to optimally solve MC-DTPPs is comparable to that of optimally solving
DTPPs; and (2) the MCS approach for solving MC-DTPPs can compete with (and often
outperform) the branch-and-bound approach.

7 Conclusion and Future Work

We have developed a new formalism for temporal reasoning with preferences and mul-
tiple optimization criteria, the Multi-Criteria Disjunctive Temporal Problem with Pref-
erences (MC-DTPP). To our knowledge, this is the first time that the approach of Multi-
Attribute Utility Theory has been specifically applied to constraint-based temporal op-
timization problems.

The expressive power of the MC-DTPP goes beyond any of the simple aggrega-
tion methods implicit in the DTPP objective functions studied in the literature, or their
combination. The MC-DTPP allows us broad freedom to express complex preferential
relationships and consider a wide spectrum of balancing, combination, and trade-off
between multiple optimality criteria. Such an expressive power is necessary in domains
such as calendar management; indeed, MC-DTPPs have been adopted in a deployed
scheduling system [1].

We use a restricted form of the general MAUT framework in that the MC-DTPP
expresses features of a DTPP problem solely in terms of subsets of the constraints.
The implementation of our current algorithms — designed to validate the feasibility of
reasoning with MC-DTPPs, rather than be the last word on their solving — depends
on a second restriction: that the aggregation function is the two-additive Choquet in-
tegral rather than the general instance. These two factors enable the effective solving
of MC-DTPPs, despite the NP-hardness of DTP solving, the multiple criteria, and the
expressive preferences.

Besides demonstrating the computational efficiency of reasoning with MC-DTPP,
our empirical results suggest that dedicated multi-criteria optimization algorithms show
promise as a means to efficiently handle complex preferences in constraint-based tem-
poral reasoning. In the future we plan to study at greater depth the strengths and weak-
nesses of the MCS and branch-and-bound algorithms, in order to pursue a hybrid solver
that combines the qualities of both.
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